Abstract. Let D be a fixed plane quintic curve, assumed general enough. For any line L in P 2 , we can identify the intersection D ∩ L with a quintuple of points in P 1 . Therefore, there is a natural rational map φ :P
Introduction
We consider a fixed plane quintic curve D ⊂ P 2 . By considering the linear system of hyperplane sections, we obtain a natural map φ :P 2
Sym
5 P 1 / /PGL (2) which sends a hyperplane section L (i.e. line in P 2 ) to the moduli of the intersection D ∩ L regarded as a quintuple of unordered points in P 1 (via a choice of an isomorphism L ∼ = P 1 ). Since both the source and the target of the map φ are 2 dimensional, one expects that under some genericity hypotheses on D the map φ is generically finite. Consequently, a natural question is to find the degree of this map. In this paper we answer this question, our main result being:
Main Theorem. For a general plane quintic D, the natural map
is generically finite and has degree 420.
The map φ appears previously in literature, and several results are known. In general, one considers a fixed (smooth) degree d ≥ 3 hypersurface X in the projective space P n . Then there exists a natural rational map φ :P n P N d / /PGL(n) which sends a hyperplane section H ∈ P(H 0 (P n , O P n (1))) ∼ =P n to the moduli of the degree d hypersurface X ∩H in H ∼ = P n−1 , where we take
). Beauville [3] proves that φ is non-constant for every smooth X, except for some Fermat hypersurfaces in positive characteristic. Harris-Mazur-Pandharipande [11, Thm 5 .1] (in characteristic 0) prove that for any smooth X of small degree d relative to n the variation of the hyperplane section is maximal in the moduli, i.e. at a generic point ofP n the Date: August 18, 2006.
1 differential of φ has maximal rank. A result in the same direction was obtained more recently by van Opstall-Veliche [15] , namely that for generic X (without any assumption on the degree and characteristic) the variation of hyperplane sections is maximal. In particular, in our situation (d = 5 and n = 2) it follows that for a generic smooth plane quintic D the map φ is generically finite, and thus it makes sense to ask for its degree. We remark that a similar question about the degree of the map φ can be raised for the variation of hyperplane sections of cubic threefolds (the case d = 3 and n = 4), and these two cases are in fact the only two cases where the dimensions of the source and the target of φ coincide. For the cases (d = 4 and n = 2) and (d = 3 and n = 3) the dimension of the source is larger than the dimension of the target, but one can restrict to a generic pencil of hyperplanes and obtain a finite mapφ : P 1 → P 1 . It turns out that in both cases the corresponding degree is 12, and Igor Dolgachev pointed out that at least the case (d = 4 and n = 2) was known by the experts of the nineteenth century invariant theory. For all the other cases the dimension of the target is (much) larger than the dimension of the source, and one would expect that for a generic hypersurface X the map φ has degree one onto its image (i.e. generically injective). We are not aware of any results in this direction.
The original motivation for the study of the map φ came from the thesis of the second author [13] , which studied the moduli of pairs (D, L) consisting of a plane quintic and a line in connection to the study of deformations of singularities of type N 16 . The current paper is independent of Laza [13] .
We propose three different methods for solving this enumerative problem. The common idea hidden in all three methods is to degenerate the intersection D ∩ L to a special configuration. It turns out that the special configuration is when the intersection D ∩ L consists of two double points and another point with multiplicity one, i.e. when L is bitangent to D. It is well known that for generic D there are exactly 120 bitangents, and it is quite easy to see that each bitangent should be counted with multiplicity 2. Therefore, a first guess for the degree of φ would be 240. However, this count is not correct due to the fact that the map φ is only rational and there is a subtle contribution coming from the 45 flexes of D. We prove that each flex contributes with multiplicity 4 to the count, and therefore the correct degree is 420.
The three methods use different techniques to deal with the contribution coming from the flexes. In the first method, the classical approach, we use stable reduction to resolve the indeterminacies of the map φ. Once this is done, we compute the degree of the map φ by comparing the self-interesection of the discriminant divisor ∆ in Sym 5 P 1 / /PGL(2) to the self-intersection of its pull-back. The contribution coming from the flexes is encoded in the multiplicities of exceptional divisors occurring in the pull-back of ∆.
The second method computes the degree by lifting φ to a Σ 5 -cover, which is a morphism
is a closed subscheme of the space of degree 1 stable maps to P 2 where an order one contact is imposed at each marked point. One could think of it as a space of relative stable maps. Using deformation theory, we show that over a point of M 0,5 which corresponds to a three component curve, the morphism isétale. Then it is straightforward to count the number of preimages. We remark that while the techniques of the two methods are different, there exists a direct relationship between the two as explained in section 2.5.
Finally, the third method uses the Gromov-Witten theory of stacks to compute the degree. This is a very recent technique for solving enumerative problems, which was used by the first author in his thesis. Gromov-Witten techniques tend to sweep most of the details under the rug and reduce everything to basic calculations, so they can be very efficient. Part of our motivation for working out the other two methods was our skepticism towards the Gromov-Witten approach. But after looking under the rug, we found that the third method is just carrying out the second method in a more systematic way.
We remark that what we need in our proofs is the following genericity assumption: D is smooth and every line in P 2 intersects D in at least 3 distinct points. When we refer to generic D we mean precisely this condition. In particular, D has no higher order flexes and no bitangent is also a flex. By a standard Plücker formula computation, it follows that D has 120 bitangents and 45 flexes (see [9, pp. 277-282] ). We note that for smooth non-generic quintics the count from the main theorem might fail. An interesting example is the case of the Fermat quintic discussed in section 1.4: for the Fermat quintic the degree of the map φ is 150.
First Method: The Classical Approach
The first method that we propose for the computation of the degree of the map φ is based on the following observation. Let f : X → Y be a generically finite map between two smooth surfaces. Then the degree of the map f can be computed by the formula
, where ∆ is any divisor on the surface Y , and the square denotes the self-intersection of the corresponding divisors. We note that the previous formula is still valid when X and Y are allowed to have at worst rational double point (RDP) singularities. Surfaces with RDPs are Q-factorial (i.e. every Weil divisor is Q-Cartier), and therefore the intersection and the pull-back of divisors still make sense. Essentially, the only difference between the RDP case and the smooth case is that the intersection numbers will be rational numbers, not necessarily integers.
We want to apply (1.1) in our situation, the computation of the degree of the map φ :P 2
Sym
5 P 1 / /PGL(2) defined for a fixed plane quintic D. To do this there are two steps. First, φ is only a rational map and we need to resolve it by successively blowingup the surfaceP 2 in the points of indeterminacy of φ. The resulting mapφ will be a morphism of surfaces with at worst RDPs. The next step now is to identify a divisor ∆ in Sym 5 P 1 / /PGL(2) such that we can compute its pull-back viaφ. Once this is done the main theorem follows directly from the formula (1.1). The two steps are accomplished by studying the geometry of the situation as explained in §1.2 and §1.3 respectively.
1.1. Invariants of binary quintics. The map φ was defined as mapping a line L in P 2 to the moduli of the intersection D ∩ L, regarded as a quintuple of unordered points in P 1 . In this section we will recall a few standard facts about the moduli space of 5 unordered points in P 1 that we will need in the subsequent sections. First, we recall that such a moduli space can be constructed as the GIT quotient of Sym 5 P 1 ∼ = P 5 by the natural action of PGL (2) . A quintuple of points in P 1 is stable if no three points coincide and unstable otherwise. In particular, the indeterminacy locus of the map φ :P 2
5 P 1 / /PGL(2) corresponds to the lines L which are tangent to D with multiplicity at least 3.
In the moduli space .
Proof. This is based on classical results of the invariant theory for binary forms (see Elliott [8] ). Namely, the ring of invariants of binary quintics R G is generated by 4 elements I 4 , I 8 , I 12 and I 18 of degrees 4, 8, 12 and 18 respectively, satisfying a relation of degree 36. It then follows that Sym [7, pg. 151-152] ). The weighted projective space W P(1, 2, 3) has only rational double points singularities: an A 1 singularity at (0 : 1 : 0) and an A 2 singularity (or equivalently quotient singularity of type 1 3 (1, 2)) at (0 : 0 : 1). As for the discriminant divisor, it is given by ∆ = I 
Resolution of the map φ.
If D is a generic quintic, there are exactly 45 inflectional lines, and by the previous section these are exactly the points ofP 2 where the map φ is undefined. Consequently, to resolve the map φ we need to successively blow-up P 2 at these 45 indeterminacy points (possibly multiple times). We note that an inflectional line corresponds to a cusp of the dual curveĎ ⊂P 2 , and we claim that a resolution of the map φ is obtained by taking a log resolution of the dual curve at its cusps. More precisely, we have the following result: figure 1 ). Then the composite mapP 2 →P
Proof. The claim of the proposition is of local nature, so we can concentrate on one indeterminacy point at time. Let o be such a point. The claim of the proposition is that the following sequence of 3 blow-ups resolves the indeterminacy at p. First, we blow-up o ∈Ď ⊂P 2 , next we blow-up the intersection of the exceptional divisor E 1 with the strict transform of the dual curveĎ, and then we do another blow-up of the point of intersection of the new exceptional divisor E 2 with the strict transform of E 1 and of the dual curveĎ (see figure 1 ).
Third Blow−up
First Blow−up Second Blow−up The family of lines (L t ) will have the equations (x 2 = α(t)x 0 + β(t)x 1 ) for some power series α(t) and β(t) with α(0) = β(0) = 0. By substituting, we obtain a family of binary quintics:
To resolve the map φ at o means to understand what happens with the invariants of the binary quintic (1.6) as t goes to 0. This is easily seen to be equivalent to doing stable reduction for families of 5 pointed rational curves approaching the limit position where 3 of the marked points coincide. More specifically, we can regard (1.6) as divisor D of relative degree 5 in X = P 1 ×∆ → ∆. After a possible base change (totally ramified at 0) and some birational transformations affecting only the central fiber we can transform (X , D) → ∆ into a family of stable five pointed rational curves (X ′ , D ′ ) → ∆. The new central fiber (a stable 5-pointed curve) is independent of the sequence of transformations applied to the family X , and it represents the limit lim t→0 ψ(f (t)). More specifically, there is a natural map that allows us to pass from a stable 5-pointed rational curve to a semi-stable quintuple of points (see Remark 1.3). For example if the stable limit consists of two rational components, we contract the component containing two marked points. The procedure for a generic arc is illustrated in figure 2 below.
Note that the limit quintuple consists either of 4 distinct points, one of which is counted with multiplicity 2, or of 3 distinct points, two of them counted with multiplicity 2. In any case such a quintuple will map via ψ to the discriminant divisor ∆ in
. It is easily seen that ∆ ∼ = P 1 , the coordinate being the j-invariant of the reduced configuration (j = ∞ corresponds to the case of two double points). Figure 2 . Stable reduction for a generic arc
Step 1 (Computation for the first blow-up). We claim that after the blow-up of the cusp at o, the only indeterminacy point is the intersection point of the exceptional divisor E 1 and of the strict transformD of the dual curveĎ.
By using lemma 1.5, this can be reformulated in terms of arcs as follows. Let α(t) = α 0 · t n + (higher order terms) and β(t) = β 0 · t n + (higher order terms) correspond to an arc f : ∆ →P 2 (assume α 0 and β 0 are not both 0). The claim is equivalent to saying that if β 0 = 0 then the limit lim t→0 ψ(f (t)) depends only on the fraction α 0 β 0 and not on the arc f (N.B. (α 0 : β 0 ) can be viewed as the coordinate on the exceptional divisor E 1 ). In fact, we will see that as long as β 0 = 0 we obtain that the limit configuration is a quintuple with j-invariant 0 in the sense explained above.
After a possible base change (of type t → t 3 ) we can assume:
β(t) = β 0 · t 3k + (higher order terms) with β 0 = 0. The equation (1.6) becomes:
Next, we rewrite the above equation w.r.t. the affine coordinates x =
x 0 x 1 and t around the point p = ((0 : 1), 0). We get:
Now we can do a weighted blow-up at p:
This produces a stable model, with the central fiber consisting of 2 rational curves L 0 and E as in figure 2 . By contracting L 0 we obtain a semi-stable quintuple of points in E ∼ = P 1 . It will consist of a double point (coming from the contraction of L) and three other distinct points. To compute the j-invariant of the reduced quadruple of points we do the following computation. On E ∼ = P 1 we have the coordinates (u : v). The line L 0 meets E in the point at ∞ = (1 : 0). The remaining 3 points of intersection of D with E are obtained by doing the blow-up computation in the equation (1.8): set x = u · t k (i.e. v = 1), divide by t 3k , and then set t = 0. We obtain
Thus on E we obtain the double point ∞ together with the 3 cubic roots of the constant −β 0 = 0. This configuration has the j-invariant equal to 0. This concludes the first step.
Step 2 (Computation for the second blow-up). We consider now the second blow-up. This corresponds with studying the limit quintuple for arcs of type α(t) = α 0 · t n + (higher order terms) and β(t) = β 0 · t m + (higher order terms) with α 0 = 0 and m > n (N.B. the condition m > n is equivalent to saying that after the first blow-up the arc will pass through the point ∞ = (1 : 0) = E 1 ∩D). We now claim that if n ≤ m − n or β 0 = 0 the limit does not depend on the arc, and it has invariant j = 1728. In other words, after the second blow-up the only point of indeterminacy is the intersection of the two exceptional divisors E 1 and E 2 (which is also a point on the strict transformD).
The computation is similar to that from step 1. First, after a possible base change, we can assume n = 2k. We get with respect to the affine coordinates x and t:
As in the first step we get that the semi-stable quintuple consists of the points 0, ∞ (counted with multiplicity 2), and ± √ −α 0 . This configuration has j-invariant 1728 and the claim from the second step is proven.
Step 3 (Computation for the third blow-up). As in the previous step, we have to consider arcs of type α(t) = t n +(higher order terms) and β(t) = β 0 ·t m +(higher order terms) with m > n and β 0 = 0. Since m ≥ 2n was handled in the previous step, it remains to consider the case n < m < 2n, corresponding to arcs that pass through the intersection point of E 1 ∩ E 2 after the second blow-up. It is easily seen, by computations similar to those from steps 1 and 2, that if 3n < 2m the limit quintuple has j = 1728, and respectively if 3n > 2m the limit quintuple has j = 0 (this correspond to the points of intersection of E 3 with E 1 and E 2 respectively). Thus, it remains only to consider arcs with 3n = 2m, i.e. α(t) = α 0 · t 2k + (higher order terms) and β(t) = β 0 · t 3k + (higher order terms). A blow of type x · v = t k · u gives after simplification the equation:
The limit quintuple consists of the point ∞ (counted with multiplicity 2) together with the roots of the previous equation. If the discriminant 4α 3 0 +27β 2 0 vanishes, we get the configuration of 3 distinct points, of which two are counted with multiplicity 2. Otherwise, we obtain that the j-invariant for the limit is 1728 . On the other hand, a simple computation shows that the arc given by (α(t), β(t)) hits the exceptional divisor E 3 in the point of coordinates (α 3 0 : β 2 0 ). Thus, the map φ can be extended to E 3 giving a morphismφ :P 2 → Sym 5 P 1 / /PGL(2). Furthermore, the restriction to E 3 ofφ is of degree 1 onto its image, the discriminant divisor ∆.
In conclusion, for a generic quintic (having no higher flexes), the map φ can be resolved by blowing-up three times each of the cusps of the dual curve. As a result, we obtain for each cusp o i three exceptional divisors E figure 1 . A simple computation gives the selfintersection numbers: (E
the dual curveĎ has degree 20 inP 2 ).
Remark 1.11. In the course of the proof the previous proposition we have shown that E (i) 1
and E
2 are contracted viaφ to points on the discriminant curve ∆ and that E (i) 3
maps isomorphically onto ∆ ∼ = P 1 .
1.3.
Computation for a general quintic. For the computation of the degree of the map φ it is natural to apply the formula (1.1) to the morphismφ and the discriminant divisor ∆ in Sym 5 P 1 / /PGL(2). The essential idea is that for geometric reasons it is not hard to compute the pull-backφ * ∆. Specifically, we have the following result.
Proposition 1.12. With notations as in the previous section, we havẽ
.
In particular φ * ∆ 2 = 280.
Proof. By the discussion from §1.1 and §1.2 it follows that set theoretically, the inverse image of ∆ underφ consists of the strict transformD of the dual curve and of the exceptional divisors E k (for k = 1, 2, 3 and i running over the cusps ofD):
. The deformation results from §2.3 (esp. Cor. 2.5) say that φ is unramified at a generic point of the dual curve. Therefore, the coefficient of D iñ φ * ∆ is precisely 1, and we can writẽ
for some rational numbers a i , b i and c i . Recall that if f : X → Y is a morphism of surfaces, we have the projection formula (see [12, pg. 426 
where α and β are divisors on X and Y respectively. By applying this formula in our situation, we obtain the coefficients a i , b i and c i . More specifically, take α = E
1 and β = ∆. Since E (i) 1 is contracted we have f * E (i) 1 = 0 and thus we get
(note that φ * E (i) 3 = ∆ by Remark 1.11). Therefore, c i = 2 and the proposition follows.
As an immediate corollary of this result we obtain Main Theorem of this paper: Corollary 1.13. The morphism φ of the introduction has degree 420.
Proof. Clearly deg φ = degφ. By using the formula (1.1) applied toφ and the previous proposition we get
· 280 = 420.
Computation for the Fermat quintic.
In the computation of the degree of the map φ for a generic quintic we make use several times of the assumption that D is general enough. For instance, we make use of the fact that D has exactly 45 flexes and that D has no higher flexes. Here we give an example to show that without the genericity assumptions on the quintic, the count from the main theorem might fail. Our example is the Fermat quintic of equation (x 5 + y 5 + z 5 = 0) in P 2 . The method used for computing the degree in this situation is different from the three methods used in the generic case; it consists of direct computation. This is done by writing explicitly the expression for the map φ by using the results of the classical theory of invariants for binary forms. 
where
In conclusion, for the Fermat quintic the rational map φ :P
3) is the composition:
3 ), where as above
Obviously, the first two maps are morphisms of degree 25 and 6 respectively. The third map (σ 1 :
) is a birational map from W P(1, 2, 3) to W P(1, 2, 3) with inverse (t 1 : t 2 : t 3 ) → t 2 :
. In conclusion the degree of φ is 25 × 6 = 150.
Second Method
We now demonstrate the main theorem using the moduli space M 0,5 (P 2 , 1) of degree 1 genus 0 stable maps into P 2 with five marked points. Note that this moduli space is actually a scheme, since none of the maps have nontrivial automorphisms. We begin by defining a closed subscheme
by the condition that the pullback of D is the sum of the marked points. When the source curve is reducible, we impose this condition on the degree one component. Then we analyze the forgetful morphism M D 0,5 (P 2 , 1) → M 0,5 , whose degree is the same as that of the rational map φ in the Main Theorem. We compute its degree by showing that it isétale over any point of M 0,5 corresponding to a curve with three components. It is then straightforward to count the number of preimages of such a curve.
Definition of
in such a way that the projection to M 0,n (P 2 , 1) forgets the first n marked points and the universal morphism f n : C 0,n (P 2 , 1) → P 2 is the evaluation map e n+1 . We have a commutative diagram.
The horizontal arrows forget the first 5 marked points and s i is the ith section, 1 ≤ i ≤ 5. LetC 
to be the fiber product.
Using this definition, we claim that M D 0,5 (P 2 , 1) is a closed subscheme of M 0,5 (P 2 , 1) whose dimension at each point is at least 2. First note that π 1 is the projection of a P 
Proof.
Recall that E is the kernel of the natural morphism
, and is locally free of rank 2. Since f * D is a divisor, it follows that
Suppose we have a first order deformation of f : X → Y fixing X and Y . This corresponds to an element ξ ∈ H 0 (X, f * T Y ). We need to show that ξ preserves f * D if and only if the image of ξ in
) is zero. This is local, so assume Y = Spec R and X = Spec S. Let ψ = f # : R → S, and let α ∈ R be an equation for D. Then ψ(α) = 0 by assumption.
The first order deformation
This preserves f * D if and only if there is a unit u ∈ S[ǫ]/(ǫ 2 ) such that uψ(α) = ψ(α) + ξ(α)ǫ. Since S is a domain and every element of the form 1 + vǫ is a unit, this happens if and only if ξ(α) is in the ideal generated by ψ(α). This is equivalent to ξ mapping to zero in
, where x i are the marked points. Let C 0 ⊂ C be the degree 1 component. Since C 0 intersects D at least three times, and each intersection point is either a node or marked point of C 0 , it follows that C is a stable curve. It is well-known that H 1 (C, f * T P 2 ) = 0 for any genus 0 stable map. Thus we have an exact sequence.
is the tangent space to M 0,5 at (C, x 1 , . . . , x 5 ). We investigate whether the morphism
has a nonzero kernel. An element of the kernel corresponds to a first order deformation of C which fixes both C and f * 0 D, where f 0 = f | C 0 . By Lemma 2.2, the kernel is identified with H 0 (C 0 , f * 0 E), where E is the kernel of T P 2 → O D (D). Since f * 0 E is a rank 2 degree −2 vector bundle on C 0 ∼ = P 1 , we have the following. If v = P (x)∂/∂x + Q(x)∂/∂y is a local vector field along C 0 , then v is a local section of f * 0 E if and only if v(y − g(x)) belongs to the ideal generated by g(x) (by Lemma 2.2). Up to a normalization factor, this means that x k−1 P (x) is congruent to Q(x) modulo x k . It now follows that the fiber of f * 0 E at x = 0 has as a basis the images of ∂/∂x + x k−1 ∂/∂y and x∂/∂x. Let F ⊂ T C 0 be the subsheaf consisting of sections which vanish at every intersection point with D. By hypothesis, there are exactly three intersection points, so F ∼ = O C 0 (−1). It follows from the local computation that we have an injection F → f * 0 E whose cokernel is locally free. Proof. Let C ∈ M 0,5 be the curve illustrated in figure 3 . Referring back to the construction of M D 0,5 (P 2 , 1), it is clear that any stable map in M D 0,5 (P 2 , 1) whose underlying curve is C corresponds either to a bitangent (with the middle component having degree 1) or to a flex (with one of the other two components having degree 1). By Propositions 2.3 and 2.4, the morphism is unramified at any of these points. Since any component of the boundary divisor contains a curve in the Σ 5 -orbit of C, it follows that the branch divisor does not contain any such component.
For the second part of the corollary, note that at a general point of the boundary divisor in M 0,5 , the isotropy subgroup of Σ 5 fixing both that point and any of its preimages is the µ 2 which interchanges the two marked points which are isolated on a component. This means that the property of beingétale is preserved after taking quotients by Σ 5 . Remark 2.6. From the results of this section, we can say a little more about the ramification divisor of φ, namely that it is a curve of degree 12 inP 2 . For this we use a result of Barth [2] which characterizes the set of jumping lines of a vector bundle in projective space. From it, one can deduce that the set of jumping lines of E (lines L for which the restriction E| L does not split into O L (−1) ⊕2 ) form a curve of degree 12. One must be careful with the isotropy groups to make sure that φ does not have extra (divisorial) ramification which is not present in the Σ 5 -cover, but this is not hard. Proof. Let C be the curve in figure 3 . Any preimage of C intersects D in exactly three points, so is either a bitangent or a flex. By Propositions 2.3 and 2.4, the morphism isétale over C, so the degree of the morphism is the number of preimages of C. Each bitangent counts twice since the components mapping to the tangent points can be interchanged. Each flex counts four times, since either of two components can map with
whereφ is the composition of the induced morphism M ' ' P P P P P P P P P P P P / /P2 φ x x
One can see this by examining the curves which map to flexes inP 2 . Consider a two component curve as illustrated in figure 4a. This curve maps to a flex if the 345 component is sent to the flex point. Of course, for every flex this yields a P 1 in M D 0,5 . At a general point of this P 1 , the stabilizer of the Σ 5 action is µ 2 , which interchanges points 1 and 2. There are several points which have a larger stabilizer, and they fall into three categories given by figures 4b, 4c, and figure 3. In figure 4b , the µ 3 which cyclically permutes markings 3,4, and 5 does not change the curve, because it is the same as multiplication by ω on P 1 (with ω = e 2πi/3 ). In the figure 4c, the µ 2 which interchanges ±1 fixes the curve. The curve in figure 3 also has a larger stabilizer, but this does not lead to a singularity. (1, 1) and
(1, 1), corresponding to the configurations with extra automorphisms. The exceptional divisors E (i) 1 and E (i) 2 respectively are the preimages of these singularities under the resolution ǫ.
In conclusion, both the mapsφ andφ are in some sense minimal resolutions of φ, the only difference being thatφ is required to have smooth source, while the source ofφ is allowed to have mild singularities.
Third Method
Finally, we sketch a method of computing the degree of φ which relies on the degeneration axiom for twisted Gromov-Witten invariants. While this axiom is not expicitly stated in the literature, the foundations of twisted Gromov-Witten theory have been worked out by Abramovich, Graber, and Vistoli [1] . Therefore, we sketch a proof based on this technique.
Recall that in their most general form, Gromov-Witten invariants are multilinear maps whose inputs are cohomology classes in the target space, and whose output is a cohomology class in the moduli space of marked curves (see Manin [14, III.5] ). Here we use the word 'cohomology' to mean the Chow group modulo numerical equivalence. The degeneration axiom says what happens when the output is intersected with the boundary of M g,n (see [14, III.5 
.2.iii]).
Our target is the stack X := P 2 D,r for some integer r ≥ 4. This stack is locally the quotient of a cyclic r-sheeted cover of P 2 ramified along D by the Galois action. Such a cover only exists locally, but they glue to a global stack (see Cadman [4] for details). The inputs for the Gromov-Witten invariants of a stack are cohomology classes on its inertia stack. For simplicity, we'll use the cohomology of the inertia stack's coarse moduli space instead. This has r components, one of which is P 2 and the other r − 1 of which are isomorphic to D. We use the notation X 0 for P 2 and X i for the remaining components, 1 ≤ i ≤ r − 1. Let α i be the fundamental class of X i , and let β i be the class of a point on X i .
These r components should be thought of in the following way. Let K 0,5 (X, 1) be the stack of 5-marked twisted stable maps to X of degree 1 and genus 0. Given such a map F : C → X, the j-th evaluation map sends this map to the pair (F (x j ), ρ F,j ), where x j ∈ C is the jth marked point, and ρ F,j is the reduction mod r of the order of contact between the coarse curve of C and the divisor D at the marked point x j . If ρ F,j is positive, then F (x j ) is a point of D, so the pair (F (x j ), ρ F,j ) is a point of X ρ F,j . Otherwise, it is a point of X 0 . This leads to the idea that using the class α i as an input in a Gromov-Witten invariant is the same as imposing an ith order contact with the curve D at an arbitrary point. To use the class β i is the same as imposing it at a fixed general point of D. For more details see Cadman and Chen [6] .
This leads one to speculate that the degree of the morphism φ from the introduction should equal the Gromov-Witten invariant I X 1 (α 5 1 ). The notation means that we look at degree 1 (genus 0) stable maps into X, pull back the class α 1 once for each of five evaluation maps, and push forward the resulting class to M 0,5 . This yields a degree 0 cohomology class, which we identify with an element of Q. As a consequence of the previous theorem we obtain again the Main Theorem: Proof. Let K ⊆ K 0,5 (X, 1) be the intersection of the preimages of X 1 under all five evaluation maps. The theorem shows that the morphism K → M 0,5 has degree 420. It suffices to see that the morphism K → M 0,5 (P 2 , 1) maps K birationally onto M D 0,5 (P 2 , 1), since then one recovers Theorem 2.7. First, from the fact that r ≥ 4 and that D ⊂ P 2 is general, one can deduce that for every map F : C → X in K, every preimage of a point of D is a twisted point (untwisted points only occur when r divides the order of contact). Moreover, it is not hard to see then that K → M D 0,5 (P 2 , 1) is a bijection.
We claim that it is an isomorphism away from the boundary. Suppose F : C → X is a twisted stable map with C irreducible. Let E be the pullback to X of the sheaf of logarithmic vector fields on P 2 relative to D (which is the same as those on X relative to the gerbe over D). By Cadman [5, 3.3.3], we have isomorphisms
Since the deformation theory of C coincides with that of its (marked) source curve, the claim follows from Lemma 2.2. This shows that K maps birationally onto M D 0,5 (P 2 , 1), which completes the proof.
